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The dominant current of twentieth-century 
mathematics, which simultaneously explores 
and applies infinity (albeit in bizarre ideal 
worlds), relies on Cantor’s classical theory 
of infinite sets. Cantor’s theory in turn 
relies on the problematic assumption of the 
existence of the set of all natural numbers, 
the only justification for which – a theological 
justification - is usually concealed and pushed 
into the collective unconscious.

This book begins by surveying the theological 
background, emergence, and development of 
classical set theory. The author warns us about 
the dangers implicit in the construction of set 
theory, traceable in his own and other eminent 
mathematicians‘ seminal works on the subject. 
He then goes on to present an argument 
about the absurdity of the assumption of the 
existence of the set of all natural numbers.

However, the author’s contribution is 
not just a negation of current views and 
assumptions. On the contrary, the new infinitary 
mathematics that he proceeds to propose 
and develop is driven by a cautious effort to 
transcend the horizon bounding the ancient 
geometric world and pre-set-theoretical 
mathematics, whilst allowing mathematics 
to correspond more closely to the natural 
real world surrounding us. The final parts are 
devoted to a discussion of real numbers and to 
demonstrating how, within the new infinitary 
mathematics, calculus can be rehabilitated in 
its original form employing infinitesimals.
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Editor’s Note

The original reason for this book was the consensus that Vopěnka’s mathemat-
ical and philosophical contributions made after he left mainstream set theory
should be available in English. Bringing the book to publication has taken
ten years for the following reasons: first Vopěnka wrote another manuscript
in Czech1 subsequently translated by Hana Moravcová and Roland Andrew
Letham, called The Great Illusion of the Twentieth Century Mathematics. How-
ever, it turned out that the translation of some parts of the text needed more
relevant mathematical expertise and Alena Vencovská took on the task of mak-
ing it correct. The author used the opportunity to extend and modify the
book considerably. He worked on it until his sudden death in 2015. The re-
sult was twofold: more publications in Czech, namely the four-volumed work
New Infinitary Mathematics,2 along with Prolegomena to the New Infinitary
Mathematics,3 and a parallel English text with additions to the original book
translated by Vencovská. The Czech and English versions di↵ered little from
each other, except that the order of the material was di↵erent, and Vopěnka left
some parts out from the English version. In particular, he did not include what
are now the first two chapters, and some sections throughout. This present
version does include these initial chapters (on the theological foundations of
Cantor’s set theory and on its rise and growth, the former translated by Václav
Paris) but it does not include all that is in the Czech version.

1 Petr Vopěnka, Velká iluze Matematiky XX. stoleti a nové základy (Plzeň: Západočeská
univerzita v Plzni a Nakladatelstv́ı Koniáš, 2011).

2 Petr Vopěnka, Nová infinitńı matematika (Praha: Karolinum, 2015).
3 Petr Vopěnka, Prolegomena k nové infinitńı matematice (Praha: Karolinum, 2013).
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Editor’s Introduction

About the Author

Petr Vopěnka grew up in the former Czechoslovakia, where he was born in 1935
(to parents who both taught mathematics at a secondary school). He enjoyed
scouting in his youth and often remembered times spent at camps. In a way
he remained true to the values he formed early on all through his life. Personal
integrity, faith in truth prevailing over deceit, loyalty to friends, great love for
his troubled country and an unshakeable commitment to his work were some
of his most striking characteristics. To this, one needs to add that he loved to
laugh.

For much of his life, Czechoslovakia was ruled by the communists: they took
over in 1948, and education during Vopěnka’s teenage years bore the stamp of
Stalinism. Vopěnka reminisced about being asked to take turns in a whole day
of reading funereal poems on the school radio upon Stalin’s death in 1953, and
he arrived in Prague later the same year to study mathematics in a city over-
looked from a hill by Stalin’s 16-meter-high statue. Fortunately, mathematics
is relatively immune to ideological manipulation and Vopěnka remembered his
student years and his teachers fondly.

His early research was mainly in topology and he wrote his master’s thesis
under the supervision of Eduard Čech, an eminent topologist and geometer,
whose name lives for example in Čech cohomology and Čech-Stone compactifi-
cation. Vopěnka used to say that Čech “showed him how to do mathematics”.
The research that he engaged in at that time concerned compact Hausdor↵
spaces and their dimensions.

Soon after graduation, Vopěnka started to teach mathematics at Charles
University and he remained there for most of his professional life. Quite early
on, he developed an interest in mathematical logic, championed in Czechoslo-
vakia by Ladislav Rieger who wrote about the subject for the Czech math-
ematical community and ran a seminar on set theory. Vopěnka participated
and, after Rieger’s untimely death in 1962, took over as its organiser to pro-
vide strong and inspired leadership for Czechoslovak mathematical logicians.
Vopěnka published work on nonstandard interpretations of Gödel-Bernays set
theory based on using the ultrapower construction and then in collaboration
with the seminar participants he contributed substantially to the exciting dis-
coveries following Gödel and Cohen’s groundbreaking work on the consistency
and independence of the continuum hypothesis and the axiom of choice. Due
to the Iron Curtain, communication with other mathematicians working in the
area was limited and some results obtained independently in Prague came later
than those in the West, but others remain credited to the Prague group. By
all accounts it was as vibrant and fruitful a period as can be –Alfred Tarski
wrote about the community in these words:4: “I do not know if there is at this
point another place in the world, having as numerous and cooperative a group

4 Quoted in Antońın Sochor, “Petr Vopěnka (born 16. 5. 1935),” Ann. Pure Appl. Logic
109 (2001): 1–8.

xiii
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EDITOR’S INTRODUCTION

of young and talented researchers in the foundations of mathematics.”

This lasted some years, but then two factors caused it to fall apart. One was
that Vopěnka became very sceptical about the role that set theory, as it was,
could have in truly explaining the phenomenon of infinity and in serving as a
foundation for mathematics. It mattered to him; he did not wish to explore that
intricate and bewitching maze any further so he started to look for alternatives.
Paradoxically, the one concept which is today perhaps most strongly associated
with Vopěnka within this area arose as he was abandoning the subject, when
he proposed what became to be known as Vopěnka’s principle. This yields a
strong large-cardinal axiom that Vopěnka said he believed he could prove to be
contradictory, suggesting it merely to make the point that investigating conse-
quences of more and more set-theoretical axioms made little sense. However,
Vopěnka’s argument that it was contradictory contained an error, and interest in
the axiom prospered outside of Czechoslovakia. Tightening controls within the
country again limited communication with the West for academics like Vopěnka
so it was some years later that he learnt with surprise that this principle was
still alive and well established.

The other factor that contributed to the demise of this golden era of main-
stream set theory in Prague were the political events – the 1960s brought a
gradual thaw of orthodox communism leading to Prague Spring in 1968. This
however was followed by the August 1968 invasion whereby the Warsaw Pact
armies put an end to it. Some of Vopěnka’s collaborators, in particular Tomáš
Jech and Karel Hrbáček left the country, and most of the others sought their
own independent paths. Vopěnka, who prior to 1968 had joined the e↵orts led
by Alexander Dubček to reform communism and had gained some influence in
running the Faculty of Mathematics and Physics at his university, would not
support the official line after the invasion and might well have been forced to
leave the university along with many other academics in similar positions. He
was allowed to stay to do research, although his contact with students was very
restricted. Many years later when he learnt that he owed this good fortune
to the intervention of the Soviet mathematician P. S. Alexandrov, he used to
joke that had he known how powerful a protector he had, he would have been
braver (standing up to the su↵ocating pressure of the Czechoslovak communist
“normalisation” of the 1970s and 1980s). In fact, he was one of the few who did
stand up to it in any way that seemed possible.

At this turning point, Petr Vopěnka along with Petr Hájek wrote a book on
semisets,5 exploring set theories obtained by modifying the usual von Neumann-
Bernays-Gödel axioms for classes and sets so that sets can have subclasses
that are not themselves sets (proper semisets). Apart from the importance
of semisets for forcing, Vopěnka’s new motivation was investigating other ways
in which the phenomenon of infinity could be captured mathematically, better
reflecting how we encounter infinity when thinking about the world, often as a
part of a large finite set. The book did not dwell on this aspect though and

5 Petr Vopěnka and Petr Hájek, The Theory of Semisets (Prague: North Holland and
Academia, 1972).

xiv
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EDITOR’S INTRODUCTION

focused on providing a careful formal development of the theory of semisets and
on showing its suitability for finding models of set theory via forcing.

Vopěnka then moved on to formulate a di↵erent set theory, which he hoped
would capture his intuition about infinity in a better way. It was an intuition
gained through much reflection on what we understand by infinity and how we
see the world, influenced mainly by Bolzano and Cantor’s writings, by discus-
sions surrounding the birth of set theory and by the philosophy of Husserl and
Heidegger (for many years there was a weekly seminar taking place in Vopěnka’s
office devoted to the study of their work). Semisets were a step in the right di-
rection, but Vopěnka wished to formulate a new theory from the position of a
mathematician free of any commitment to the current view of infinity; to de-
velop mathematics as it might have been developed if satisfactory axioms for
infinitesimals had been found before mathematics took its present course.

This led to what he called the alternative set theory. It contains sets and
classes; sets alone behave as classical finite sets but they may contain subclasses
which are not sets (semisets). Unlike Cantorian set theories, alternative set the-
ory admits only two types of infinity: the countable infinite and the continuum.
This is not a necessary requirement of such a set theory, it could be constructed
otherwise, but Vopěnka’s motivation was to keep only what could be justified by
some intuition other than intuition arising purely from the study of set theory
itself; for him it meant just the infinities associated with natural numbers or
with the real line. A crucial principle in Vopěnka’s alternative set theory is the
Axiom of Prolongation, related to the phenomenon of the horizon (understood
in a very general sense). It reflects the intuition that something seen to behave
in a certain well-defined way as far as the horizon will continue to do so beyond
the horizon.

Mathematically, the theory is close to the concept of nonstandard models
of natural numbers underlying nonstandard analysis. However, from a foun-
dational point of view there is a considerable di↵erence since in nonstandard
analysis infinitesimals are complicated infinitary objects whilst in AST some
exist just as rational numbers do. Formulating a theory that allows mathemat-
ical analysis to be practiced in a way in which it was conceived by Leibniz, that
is as a calculus with infinitesimals, was indeed one of Vopěnka’s objectives. This
had not been done within the alternative set theory at the time, and Vopěnka
returned to the task in this book.

Vopěnka succeeded in assembling another group of enthusiastic mathemati-
cians, who wanted to work with him and develop AST. One unfailingly sup-
portive and faithful collaborator from before also joined him in the endeavour,
Antońın Sochor. Interesting results were obtained, first within the Prague cir-
cle and later on also at other places in the world, but overall its impact was
relatively small. In particular, investigations of alternative set-theoretical uni-
verses was restricted to what Vopěnka called a limit universe (as opposed to
a witnessed universe). In a limit universe no “concrete” set such as the set

of natural numbers less than 67293
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can contain semisets but in a witnessed
universe some can. The witnessed universes correspond to Vopěnka’s intuition,

xv

Ukázka elektronické knihy


	Cover
	Contents
	Editor’s Note
	Editor’s Introduction
	Part I Great Illusion of Twentieth Century Mathematics
	1 Theological Foundations
	1.1 Potential and Actual Infinity
	1.1.1 Aurelius Augustinus (354…430)
	1.1.2 Thomas Aquinas (1225…1274)
	1.1.3 Giordano Bruno (1548…1600)
	1.1.4 Galileo Galilei (1564…1654)
	1.1.5 The Rejection of Actual Infinity
	1.1.6 Infinitesimal Calculus
	1.1.7 Number Magic
	1.1.8 Jean le Rond d�Alembert (1717…1783)

	1.2 The Disputation about Infinity in Baroque Prague
	1.2.1 Rodrigo de Arriaga (1592…1667)
	1.2.2 The Franciscan School

	1.3 Bernard Bolzano (1781…1848)
	1.3.1 Truth in Itself
	1.3.2 The Paradox of the Infinite
	1.3.3 Relational Structures on Infinite Multitudes

	1.4 Georg Cantor (1845…1918)
	1.4.1 Transfinite Ordinal Numbers
	1.4.2 Actual Infinity
	1.4.3 Rejection of Cantor’s Theory


	2 Rise and Growth of Cantor’s Set Theory
	2.1 Basic Notions
	2.1.1 Relations and Functions
	2.1.2 Orderings
	2.1.3 Well-Orderings

	2.2 Ordinal Numbers
	2.3 Postulates of Cantor’s Set Theory
	2.3.1 Cardinal Numbers
	2.3.2 Postulate of the Powerset
	2.3.3 Well-Ordering Postulate
	2.3.4 Objections of French Mathematicians

	2.4 Large Cardinalities
	2.4.1 Initial Ordinal Numbers
	2.4.2 Zorn’s Lemma

	2.5 Developmental Influences
	2.5.1 Colonisation of Infinitary Mathematics
	2.5.2 Corpuses of Sets
	2.5.3 Introduction of Mathematical Formalism in Set Theory


	3 Explication of the Problem
	3.1 Warnings
	3.2 Two Further Emphatic Warnings
	3.3 Ultrapower
	3.4 There Exists No Set of All Natural Numbers
	3.5 Unfortunate Consequences for All Infinitary Mathematics Based on Cantor’s Set Theory

	4 Summit and Fall
	4.1 Ultrafilters
	4.2 Basic Language of Set Theory
	4.3 Ultrapower Over a Covering Structure
	4.4 Ultraextension of the Domain of All Sets
	4.5 Ultraextension Operator
	4.6 Widening the Scope of Ultraextension Operator
	4.7 Non-existence of the Set of All Natural Numbers
	4.8 Extendable Domains of Sets
	4.9 The Problem of Infinity


	Part II New Theory of Sets and Semisets
	5 Basic Notions
	5.1 Classes, Sets and Semisets
	5.2 Horizon
	5.3 Geometric Horizon
	5.4 Finite Natural Numbers

	6 Extension of Finite Natural Numbers
	6.1 Natural Numbers within the Known Land of the Geometric Horizon
	6.2 Axiom of Prolongation
	6.3 Some Consequences of the Axiom of Prolongation
	6.4 Revealed Classes
	6.5 Forming Countable Classes
	6.6 Cuts on Natural Numbers

	7 Two Important Kinds of Classes
	7.1 Motivation … Primarily Evident Phenomena
	7.2 Mathematizationƒ
	7.3 Applications
	7.4 Distortion of Natural Phenomena

	8 Hierarchy of Descriptive Classes
	8.1 Borel Classes
	8.2 Analytic Classes

	9 Topology
	9.1 Motivation … Medial Look at Sets
	9.2 Mathematization … Equivalence of Indiscernibility
	9.3 Historical Intermezzo
	9.4 The Nature of Topological Shapes
	9.5 Applications: Invisible Topological Shapes

	10 Synoptic Indiscernibility
	10.1 Synoptic Symmetry of Indiscernibility
	10.2 Geometric Equivalence of Indiscernibility

	11 Further Non-traditional Motivations
	11.1 Topological Misshapes
	11.2 Imaginary Semisets

	12 Search for Real Numbers
	12.1 Liberation of the Domain of Real Numbers
	12.2 Relation of Infinite Closeness on Rational Numbers in Known Land of Geometric Horizon
	12.3 Real Numbers
	12.4 Intermezzo About the Stars in the Sky
	12.5 Interpretation of Real Numbers Corresponding to the First and Second phase in Interpreting Stars in the Sky

	13 Classical Geometric World

	Part III Infinitesimal Calculus Reaffirmed
	Introduction
	14 Expansion of Ancient Geometric World
	14.1 Ancient and Classical Geometric Worlds
	14.2 Principles of Expansion
	14.3 Infinitely Large Natural Numbers
	14.4 Infinitely Large and Small Real Numbers
	14.5 Infinite Closeness
	14.6 Principles of Backward Projection
	14.7 Arithmetic with Improper Numbersƒ
	14.8 Further Fixed Notation for this Part

	15 Sequences of Numbers
	15.1 Binomial Numbers
	15.2 Limits of Sequences
	15.3 Euler’s Number

	16 Continuity and Derivatives of Real Functions
	16.1 Continuity of a Function at a Point
	16.2 Derivative of a Function at a Point
	16.3 Functions Continuous on a Closed Interval
	16.4 Increasing and Decreasing Functions
	16.5 Continuous Bijective Functions
	16.6 Inverse Functions and Their Derivatives
	16.7 Higher-Order Derivatives, Extrema and Points of Inflection
	16.8 Limit of a Function at a Point
	16.9 Taylor’s Expansion

	17 Elementary Functions and Their Derivatives
	17.1 Power Functions
	17.2 Exponential Function
	17.3 Logarithmic Function
	17.4 Derivatives of Power, Exponential and Logarithmic Functions
	17.5 Trigonometric Functions sin x, cos x and Their Derivatives
	17.6 Trigonometric Functions tan x, cot x and Their Derivatives
	17.7 Cyclometric Functions and Their Derivatives

	18 Numerical Series
	18.1 Convergence and Divergence
	18.2 Series with Non-negative Terms
	18.3 Convergence Criteria for Series with Positive Terms
	18.4 Absolutely and Non-absolutely Convergent Series

	19 Series of Functions
	19.1 Taylor and Maclaurin Serie
	19.2 Maclaurin Series of the Exponential Function
	19.3 Maclaurin Series of Functions sin x, cos x
	19.4 Powers of Complex Numbers
	19.5 Maclaurin Series of the Functionƒ
	19.6 Maclaurin Series of the Functionƒ
	19.7 Binomial Seriesƒ
	19.8 Series Expansion of the Function arctan x forƒ
	19.9 Uniform Convergence

	Appendix to Part III … Translation Rules

	Part IV Making Real Numbers Discrete
	Introduction
	20 Expansion of the Class Real of Real Numbers
	20.1 Subsets of the Class Real
	20.2 Third Principle of Expansion

	21 Infinitesimal Arithmetics
	21.1 Orders of Real Numbers
	21.2 Near-Equality

	22 Discretisation of the Ancient Geometric World
	22.1 Grid
	22.2 Fourth Principle of Expansion
	22.3 Radius of Monads of a Full Almost-Uniform Grid


	Bibliography



